Pillars of Statistical Learning Theory

Setting
¥ Inpat ceace Xc R
* Outed ceoce 0 (R for @3ression of £-11% for classification)
X Dictlibution (unknown) D ovel Xx7Y
* Loss function £:Yxy— [o/]
¥ Trﬁ:ﬂl'mﬁ Set S:{()(;,y,-)}:v; drawn .14, fram D

Task
Find o hyeothesis/predickor h:X—=Y thad minmizes the Population loss:

Lo(h):= [E LLOmE)T
y)vD
TyPicol apefoach: Select o hyrothesis clags ’HE—"\}xand Minmi2e +onm loss:

Otf_gm.'n LS (k\:i ';—{n-% ‘e' (\"‘[;‘(/Kl)>
hey i

Statistical learning rests on three fundamental pillars

@) PHmiZOL—l'fon Generalzotion Ex press 1veness
ALYy Yo minimze Lg Pertormance on Unseen dat o, Which fanctions are
(i.e.,on D) included in Y
/ Y? (all functions) \
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7 (hypotheses space)
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‘CO‘;“‘@"'"”&«JX Lo(F) — ground +vuth (mininizes Lp ovev ol ﬁmcg)
hp=ar9Mmin, o0 Lo(h) — best hyrothes:s (m'nimizes Lp over /H_)
hg P2 afgmmhe’H LS(L\-) - EMPnl{rI(_‘OI”y OP"-"WAI ’\yﬂo"'heSlS (V”I'Vlv'MI‘ZGS L_S- over 'H)

h — The hyeothesis fetuined by our xlgorithm

Categorization to optimization, generalization, and expressiveness is useful
£ For theo ry: analyze learning Qlgolithms
x For Practice: e.3. when JeLajﬁ‘"'\j Yoor Performance it Cown )ACJ_/f
Pinpoint the underig issue.
In.‘ak Ha.'m'ns logs = oftmi2ation of expless veness issue

low tfalning loss bat high eopalation bss = Qenerali2otion issue

Our Focus: Mystery of Generalization in Deep Learning

Genernlizetion theory stvives to derive bounds of the forw:

V §e (o) w.e. 21-§ over Samplng of S:

4y Lo(M)-Le() < 9(m, 5,1,7,9)
- L —

Shoull — 0 wWhen m—>co

We want the boand +o be:
) Tight
) Insightfel so +Hnat we can use i+ for Aegfgw.‘ng newa| wtwork ovchtetules
and ’rram:nﬁ algo(.',thms

An Cxoample For a Tight bat i :n§f3h+ful bound is He loss Over @ Validakion Set



Beyond uniform convergence

Last lecture We Saw UNFoM conferaghce bounds of the form:

VD, 6e(04) we. 21-5 over Samplng of S from D:
het AW < (M §H) & (CONLng  where CH)= 1M i€
- ) -

m is finite O ln(s.‘ze of Cover
€for

does not depend on |
learned hyfothesss of the dadto

Limdations of wnForw Convelgere fol e)(P/cu.'n,‘nj genenplization

in deep learning (based on emeifical evidence, e.q., fiom “Understanding Decp Learning
Qeqw‘/es Qe-f'k:qk.‘nj Generali2 ocF-'on’j Zhanj et al Qo*l?—)

1) News) networ ks (W) genevalize well in elactice even when
t# leorned Parameters s # fraining examrles (2.9, ResfletSo over CIFARTQ).
In 4his Case, Some [urameter 0-5S'gnments C.‘,e.) heH) that min'mze Lo
generalize poor Ny (Lp(h) is h.‘_gh) while others aenefalize well (Lo(h) is Jow).

U
Need bounds fvort depend on +he learned hyPO"Ll’\eS-f‘S_I:\

Q) The same AN h com £i+ both the ofiginel Hraining cet
(e.9, CIFAR10) ond o e+ Of +he Sawe $2¢ with random dodtex|lobels,
While achieving o for better than trivial Pofulation hss over +he
Qr (‘g;vlc«l distribution D. On the other hond;, the Popubtion bss over
fondom doter ic OF Course TGvial.
U
Need bounds 4vort depend on +he dataset § or distribation D




Hypothesis dependence: compression-based bounds

Cometession bouds are based on the premise that the leowned hypothesis h
con be apeoximated by & hyeothesis from o Mmuck sivpler closs N. For examele,
W can contoin NNs with Significomtly fewer eorameters than thase

in M. In this sz, h con inheri+ the generalizaction froeerties of Y.,

To be concrete, denote: d(hH'):= Min Setf [[hon)- RG]
_ hc’).f xeX /
flects the extent 4o a)h:ch h Can be compressed into H'

Theorem
Assume +hot the loss € is P-Liescihitz and that W has the follawing

denevolization guarantee.

VSE[O,'{) w.p. 21-§ over .gamfll'm_? of C 4vom D:
VRed  [As(h)[¢ f(ﬂ')ilnﬂ/(ﬂ | uhere C(W) is
m

Come  (omplexit Measare
of H'

Then, ¥ §elon) w.e>1-5 over §:|Aq(h) £ f@_(jw Lap JOn,H)
M

Examele - 4 consists of hyeotheses thot con be represented using b bits
and C(H)= M| = b-InQ.

Proof

Let h'z= argmin sue [l () - KGNl Thas, suf 1% 60-R'6all = A (R, H)
h'eH' xeX




[ holds Hhat:  |Lg(F)-L (W] = [2E €0 hin) — A €4 Ren) |

1=9

£ L2 e he) - €C P
Lis P-Lipsthitz — >4 —,’I,—P% |[h(x:) = x|
- J(F/'H')
2 p-dGR )

SimilarN can Show +hat ILD(T\)- LD(R'” zpP-d(F W)

Thus:
[45(R)] = [Lo(m)-Ls ()] £ | Lo(W- Ly(W) 1+ 185 (R * [ L)~ Lo()]

2 [ps( |- ap-d(h,H)

COmloM.'ng this with the jeneralr'acd'iorl bound for H' concludes +he eroot.
a

= xamele
Consider oo fully comécted NN with inpet, hidden and owteut dimensions ol

equal to k and depth L.

H= {X -~ WLé(WL_.,é("‘é(Wq)()"')) 2 Waye WL E R KXk

We oM+ biases for simelicity and assume the element-wise oC +i' Vo 'on
é(") iS X—LI‘PSCI’IH'Z 0(.“4 SO\“HQ‘F{@S 6(@): o. FO( éXamP/é/ é(.) con Le
the RellU activation, in Which case ¥=A.



Let ‘H' be the hypothes clags Corfeseonding to the same NN with
Oolameter Matrices Constioained +o be yonk 1.

W= {XH VT8 (U VT, 8 (e & (Vi x)+2)) 2 ity Uy VegiVe € R"jo

The # of Catameters Wsed to reefesent M'is kL, 0s opposed to k3L for W.

The gene{mliza-l'ion bound for H' based on quantized earameters s much

smodler than thet for H. A M heH can inker'+ the bopnd for W'}

J(h,’H’) is small. Denote by Wy.,W. the Porameter matliices of h. Let
oW, be dpelr Closest Yank 1 apeloxivedrions and denote by h' the resuibing

W Pothes's. |+ can be Shown thoct:

) ! 1L L :
J(hH') £ sug Thed-Reall « ¥ = lwill,,,,,, - )Ih/,-—h/,-llmd@,-j:; lixi

i=1 J=1

Thus) the Closec Way., W, ae Yo fomle 1, +he lwel Our Comerosson bound
erfor will be.

Hypothesis and data dependence through PAC-Bayes bounds

In +he PAC-Bayes approoch, rather thon deriving generalizedion bounds

Lor individual hyeotheses, one considers distributions over "H. Let @ be such
o dictri bution. We define i+s Poprlation cd training losses by:

Lo(@):=E Clotw] ) Le@):= [ECELS(M]

hoQ

PAC-Bayes upper bounds A (@):z Lp(@)- L (Q) accrding +o the distance
of Q fom some Predetermined orior distribution P over H.



[ntuitively, As(P) 1s Hieially Small since P does not depend on Sand if”
Q is cloge 4o © then A$(@7 should also ke small.

TI'\C-O\(QM (ﬂ\eofem 314 in Shaler- Shuwardz & Ben-Dovd 30714)

Let P be a Prior distibution over H ond kt Selon). Then, w.e zt-§
ovey Sa.MPlfnﬁ S fom D

Veistributions @ over H A (@) £ jfL(Q”‘P) x [n (oM/5)

A(m-1)

Whefe [KL(QIP) := EWQE"%(% i the Kullbacl—Le'bler diverqence.

Exomele (based on ‘Coneuting Nonlacuous Generalizotion Bownds...” ; Dz iusat & Roy 017)
Suppose M Coftesponds to a class of Ns Parameterized by weRs

We take +he Prior P 4o be /U(O,é’-I)—- GausSion with 2efo meon and
Independent Componemts havine &> varance — ound to be v,

w R ave the Patometers émfn&i hy o’ leam:@QaBo(:ﬂnm/.U(w j I), e
Then, KL(QHO) :gié-); |Gl ownd the CAC-Payes bound gives:

Lo(@) £ Lela) + [ 2818I3 I C75)
(m-1)

= Ls(w) depends on the
g%%@jgﬂj learned hyoothes:S

overages | ¢ over Neighbot haol
of 8,Cah be seen asa measure
of €letness

Thig bound depends on both the learned hyeothesis ond the data, and
with odditional tricks Con give Nowacious bounds in some Settings.



Conclusion: generalization bounds
While PAC-Boyes bounds can be nonvacous:
¥ They are skl for from tight in Standard cettings
* EX-'S'Hnj complex'ty Measutes that appear in ﬁ@’)el’a);za‘f’fon bounds
do not cotrelate well wth geveralization in Proctice, and go

are Unable +o Provde eracticol 5(/."&61:'&65 (éee)e,g,/ Y Contastice
Generalization Mexsures cnd Where +o Find Then'; Tiarg e al. 2.020).

In other words, i+ is still unclear what is the vight” Complexity measure
to congider v Mg,



